A deformation of the algebra of diffeomorphisms is constructed for canonically deformed spaces with constant deformation parameter θ. The algebraic relations remain the same, whereas the comultiplication rule (Leibniz rule) is different from the undeformed one. Based on this deformed algebra a covariant tensor calculus is constructed and all the concepts like metric, covariant derivatives, curvature and torsion can be defined on the deformed space as well. The construction of these geometric quantities is presented in detail. This leads to an action invariant under the deformed diffeomorphism algebra and can be interpreted as a θ-deformed Einstein-Hilbert action. The metric or the vierbein field will be the dynamical variable as they are in the undeformed theory. The action and all relevant quantities are expanded up to second order in θ.
Introduction
Several arguments are presently used to motivate a deviation from the flat-space concept at very short distances [1, 2] . Among the new concepts are quantum spaces [3, 4, 5, 6] . They have the advantage that their mathematical structure is well defined and that, based on this structure, questions on the physical behaviour of these systems can be asked. One of the questions is if physics on quantum spaces can be formulated by field equations, how they deviate from the usual field equations, and to what changes they lead in their physical interpretation.
Quantum spaces depend on parameters such that for a particular value of these parameters they become the usual flat space. Thus, we call them deformed spaces. In the same sense we expect a deformation of the field equations and finally a deformation of their physical predictions [7, 8, 9, 10, 11] .
Several of these deformations have been studied [12, 13] . They are all based on nontrivial commutation relations of the coordinates. This algebraic deformation leads to a star product formulation as it is used for deformation quantisation [14, 15, 16] . In this paper we start from the star product deformation and consider the algebraic relations as consequences. We might not have started from the most general realization of the deformed algebra, but certainly from one that is very useful for physical interpretation. This way deformed gauge theories have been constructed by the use of the Seiberg-Witten map [17, 18, 19, 20, 21, 22, 23, 24] . Their field content is the same as in the undeformed theory, the deformation parameters enter in the deformed field equations as coupling constants.
The question was still open if the gravity theories can be treated the same way and has been investigated by several authors [25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39] . We present here a positive answer to this question based on a deformed algebra of diffeomorphisms and this way avoiding the concept of general coordinate transformations. In this presentation we restrict ourselves to the discussion of the canonical quantum space with θ µν constant. The construction is now not based on Seiberg-Witten maps. In a forthcoming paper we shall show how this can be generalized to x-dependent θ µν .
By outlining the content of the individual sections we will show the strategy by which a deformed gravity theory can be constructed.
In section 2 we give a short introduction to the θ-deformed quantum algebra defined by the Moyal-Weyl product. Emphasis is on those concepts that shall be used in the rest of the paper. More detailed features of this algebra can be found in the literature and we give some relevant references.
In section 3 the concept of derivatives is introduced. It turns out that there is a natural way to define a derivative on the quantum algebra. We investigate these derivatives as elements of a Hopf algebra and find that the usual derivatives and the derivatives on the quantum space represent the same Hopf algebra.
We also generalize the derivatives to higher order differential operators and define algebras of higher order differential operators both acting on differential manifolds and acting on the deformed space. A map from the algebra of functions on the differential manifold to the algebra of functions on the deformed space is constructed. This map will be the basis for the representation of the diffeomorphism algebra by an algebra of higher order differential operators acting on the deformed space.
In section 4 we study the algebra generated by vector fields and exhibit its Hopf algebra structure. It is the algebra of diffeomorphisms derived from general coordinate transformations. Scalar, vector, and tensor fields are representations of this algebra.
In section 5 we construct a morphism between the classical algebra of diffeomorphisms and an algebra acting on the deformed space. At first, this is an algebra morphism but not a Hopf algebra morphism. To find a comultiplication rule we derive the Leibniz rule for the deformed algebra and show that it can be obtained from an abstract comultiplication which we construct explicitly to all orders in θ. Thus, we have constructed a new Hopf algebra of diffeomorphisms as a deformation of the classical one. A deformed gravity theory will now be investigated as a theory covariant under this deformed Hopf algebra.
In section 6 we restrict the formalism developed so far to vector fields linear in the coordinates. They form a subalgebra. The Lorentz algebra can be obtained in that way and we find a representation of the Lorentz algebra by differential operators that act on the deformed space. The comultiplication rule follows from the general formalism and shows that the derivatives have to be part of the algebra. This way we have found a representation of the Poincaré algebra with nontrivial comultiplication rule. A tensor calculus of fields is developed for this algebra and invariant actions are constructed. All the operations in the definition of the Lagrangian -derivatives and multiplication -are in the deformed algebra. Field equations can be obtained that are Lorentz covariant. This by itself is an interesting result but it also serves as a guideline for the construction of a general theory on the deformed space.
In section 7 we show that all the concepts of differential geometry like tensor fields, covariant derivatives, connection and curvature can be obtained by a map from the usual commutative space to the deformed space. The relevant formulas are calculated explicitly.
In section 8 and 9 we turn to a metric space. We define the metric as a symmetric and real tensor that coincides with g µν in the limit θ → 0. All other geometrical quantities are constructed in terms of this metric. Finally, we use the curvature scalar expressed in terms of g µν to construct a Lagrangian for a deformed gravity theory.
In section 10 we expand all these quantities up to second order in θ. The action obtained this way can be used to calculate some effects of the deformation. The deformation parameter θ enters as a coupling constant as it is familiar from gauge theory.
This way it is possible to study deviations from the undeformed classical gravity due to space-time noncommutativity. The strategy developed here can be generalized to other ⋆-products which then lead to other algebraic structures of space-time.
θ-deformed coordinate algebra
A simple example of a noncommutative coordinate algebra is the θ-deformed or canonical quantum algebra A θ . It is based on the relations [40, 41] [
with θ µν constant and real. This algebra can be realized on the linear space F of complex functions f (x) of commuting variables: The elements of the algebra A θ are represented by functions of the commuting variables f (x), their product by the Moyal-Weyl star-product (⋆-product) [42, 14] 
This ⋆-product of two functions is a function again. The ⋆-product defines the associative but noncommutative algebra A θ . By taking the usual pointwise product of two functions we obtain the usual algebra of functions. This algebra is associative and commutative. We shall call it A f . Note that we write f (x) for elements of A f as well as for elements of A θ . As far as complex conjugation is concerned we observe that the ⋆-product of two real functions is not real again. Denoting the complex conjugate of f byf we find from definition (2.2)
From definition (2.2) it also follows that
These are the defining relations for the generators of the algebra A θ . Any element of the space of ordinary functions represents an element of A θ ; there is an invertible map
If we know the elements that are represented by the functions f and g we can ask how the pointwise product of two functions f · g is represented in A θ by ⋆-products of f and g and their derivatives. First an example
This follows from (2.2). The pointwise product x µ · x ν as an element of A θ represents the sum of two elements of A θ modulo the relations (2.4). In general f · g will represent a sum of ⋆-products of f , g and their derivatives
This is a well defined formula because the derivatives of functions are functions again and we know how to ⋆-multiply them. Applied to x µ x ν the equation (2.7) reproduces (2.6). The operations on the right hand side of (2.7) are all in A θ . To prove (2.7) we use the ⋆-product in the form that makes use of the tensor product of the vector spaces
The bilinear map µ maps the tensor product to the space of functions
We now use the obvious equation
The usual derivatives ∂ µ and ⋆-derivatives ∂ ⋆ µ are representations of the same Hopf algebra.
We are going to discuss the algebra of higher order differential operators. Acting on A f , elements of this algebra are
Acting on A θ , the elements are
where the coefficient function d µ 1 ...µr (x) has to be considered as an element of A θ . The multiplication of the operators D is standard. The multiplication of ⋆-operators can be defined if we consider the algebra A θ extended by the derivatives. It is always possible to write such a product in the form as in (3.22) with all derivatives on the right by using the operator equation following from the Leibniz rule. This multiplication can essentially be obtained by replacing the product of the coefficient functions by theThis is true for any function g and thus the map (3.27) can be interpreted as a morphism of algebras.
Diffeomorphisms
We will develop a formalism by which the algebra of diffeomorphisms acting on A f can be mapped to an algebra of ⋆-differential operators acting on A θ . Let us first recall the concept of diffeomorphisms as a Hopf algebra. They are generated by vector fields acting on a differential manifold. The vector fields are defined as follows
The commutator of two vector fields ξ, η is again a vector field:
where the vector field ξ × η is given by
From the Leibniz rule for derivatives follows the Leibniz rule for vector fields
This Leibniz rule follows from an abstract comultiplication rule that defines the action of a vector field on a tensor product
It can be verified with (4.2) that the comultiplication (4.5) and the algebraic relation are compatible without making use of ξ represented as a differential operator
This defines a bialgebra. With the counit and the antipode
it becomes a Hopf algebra. Here ξ and η need to be treated as abstract objects. Their product ξη is to be viewed as an abstract product modulo the relation ξη − ηξ = ξ × η 1 . Diffeomorphisms are intimately connected with general coordinate transformations defined as follows
with infinitesimal ξ µ (x). A scalar field is defined to transform under general coordinate transformations as follows
For infinitesimal transformations (4.8) this becomes
Similarly we define covariant vector fields
and contravariant vector fields
This can be easily generalized to tensor fields with an arbitrary number of covariant and contravariant indices. These transformations represent the algebra of diffeomorphisms (4.2) 12) with the coproduct
As a consequence of (4.13) the product of two vector fields transforms like a tensor field of second rank
This can easily be extended to the product of arbitrary tensor fields. We summarize the Hopf algebra structure of general coordinate transformations
This is true for any realization of δ ξ on arbitrary tensor fields. It is a property of the abstract Hopf algebra and not of a particular representation as differential operator.
Diffeomorphism algebra on A θ
We know how to map the algebra of higher order classical differential operators acting on A f into the corresponding algebra acting on A θ . The relevant formulas are (3.24) and (3.26) . In the same way, the action of a vector field
The operators X ⋆ ξ represent the algebra of vector fields. To obtain a Leibniz rule on A θ we apply the operator X ⋆ ξ to the ⋆-product of two functions
To get a better understanding we calculate the right hand side of (5.4) to first order in θ explicitly
We have to express the right hand side entirely in terms of operations on A θ
Note that (∂ ρ ξ) and all higher order derivatives of ξ are vector fields again. We outline the calculation leading to (5.9) and start from (5.4)
To commute ξ with µ we use
which can be verified directly by applying it to the tensor product of two functions. We obtain from (5.12)
Next we use the fact that ξ applied to derivatives of a function can be mapped to A θ as in (5.2) because derivatives of functions are functions again. This way we express everything in terms of operators defined on A θ . Now we follow the step outlined in (5.7) and obtain the result (5.9). Let us summarize the Hopf algebra structure of the diffeomorphism algebra on A θ : For an element f of A θ we define the transformation
This can be used to defineδ ξ as an abstract element of an algebra independent of its representation as a differential operator. From (5.3) the defining relation of the algebra follows 
Here the ⋆-commutator of a ⋆-derivative andδ ξ is given by
This is the abstract version of (5.10). We show that the above comultiplication is compatible with the algebra
Coassociativity can be shown as well, counit and antipode can be defined. Thus, we have obtained a Hopf algebra with the same algebraic relations as for the ordinary diffeomorphism algebra, but the comultiplication is different.
For later use we expand the comultiplication (5.17) to first order in θ
6 Poincaré algebra
The classical vector fields (5.1), when linear in x, form a subalgebra of the algebra of diffeomorphisms We can choose matrices ω that represent the Lorentz algebra
With derivatives representing the translations we have obtained a Hopf algebra version of the Poincaré algebra [50, 51, 52, 53, 54, 55] . The comultiplication is nontrivially deformed. The algebra (6.5) and (6.6) can also be represented by tensor or spinor fields. Let ψ A be a representation of the Lorentz algebrâ
where (M ρ µ ) B A as a matrix with indices A, B represents the Lorentz algebra (6.7). The transformationδ ω can be defined by the "field transformations"
(6.9)
With (6.9) we have established a Poincaré covariant tensor calculus on A θ . The new comultiplication guarantees that the ⋆-product of tensor fields transforms as a tensor. Now we can construct Poincaré covariant Lagrangians. As an example we discuss a scalar field. Let φ be a classical scalar field
Thus, the Lagrangian
is covariantδ
14)
It can be expanded in θ and to second order we obtain
Note that a classical transformation of the fields in (6.15) will only reproduce (6.14) if θ is transformed as well. Due to the comultiplication rule (6.6) we don't have to transform θ to obtain an invariant action.
To construct an invariant action we define the integration on A θ as the usual integration. This integral has the cyclic property
which follows by partial integration. The action
is invariant if L transforms like (6.14).
To derive the equations of motion we vary the action with respect to the field φ. We use the undeformed Leibniz rule for this functional variation and we can use property (6.16) to cycle the varied field to the very right (or left) of the integrand. For the Lagrangian (6.13) we obtain
This leads to the field equations
If we expand (6.18) in θ we obtain to second order in θ the same field equation as from the variation of the action corresponding to the Lagrangian (6.15)
Some partial integration is necessary. This example will guide us by the construction of a gravity action.
Differential geometry on A θ
Gravity theories in general rely on general coordinate transformations which are hard to generalize to noncommutative spaces. The important concept however, on which the gravity theories are based, is the algebra of diffeomorphisms. General relativity can be seen as a theory covariant under diffeomorphisms. We have learned how to deform the diffeomorphism algebra, thus we can construct a deformed gravity theory as a theory covariant under deformed diffeomorphisms. In section 5 we realized the algebra of vector fields on A f on the noncommutative space A θ . We now develop a tensor calculus for the deformed algebra in analogy to the tensor calculus of the deformed Poincaré algebra.
We define the transformation law of a scalar field
of a covariant vector fieldδ
of a contravariant vector field
and of a general tensor field
follow from (3.26)
The Leibniz rule that follows from (5.17) can be defined for the action ofδ ξ on the ⋆-product of any of these fieldŝ 
Examples:
The ⋆-product of two scalar fields is a scalar field again Using (7.13) one finds
For a connection symmetric in µ and ν the torsion vanishes.
Metric and Christoffel symbols
Classically, the metric is a symmetric tensor of rank two
This can be mapped to A θ by defining G µν as a symmetric tensor of rank two in A θ
with the condition that
A natural choice for G µν would be g µν itself. It has the right transformation properties and is θ-independent. We can also start from four vector fields E a µ where µ is the vector index and a numbers the four vector fields. These vector fields can be chosen to be real. The metric can be defined as follows
where η ab is the x-independent symetric metric of flat Minkowski space. With the appropriate comultiplication G µν is a tensor of second rank. It is symetric by construction and real since E a µ are real vector fields. To meet condition (8.3) we take the classical vierbein e µ a for E a µ . Now G µν is θ-dependent. The metric G µν and its inverse can be used to raise and lower indices.
In A θ we have to construct the ⋆-inverse of G µν which we denote by G µν⋆
The inverse metric G µν⋆ is supposed to be a tensor but not a differential operator. To show how such a tensor can be found we first invert a function f ∈ A θ . As an element of A f , f is supposed to have an inverse f −1
We want to find an inverse of f in A θ , we denote it by f −1⋆
Obviously f −1⋆ will be different from f −1 . For its construction we use the geometric series. We first invert the element
The ⋆ on the n-th power of 1 − f ⋆ f −1 indicates that all the products are ⋆-products and therefore (8.9) is an expansion in A θ . Because of (8.8) it is also an expansion in θ
and the associativity of the ⋆-product follows
The ⋆-inverse of f ⋆ f −1 has already been calculated as a power series in (8.9). Expanding the series (8.9) we obtain the following equality which holds up to first order in θ
which is valid up to second order in θ. If f transforms classicaly as a scalar field, f −1 will transform as a scalar field as well. With the proper comultiplication f −1⋆ will also be a scalar field. The same method can be used to find G µν⋆
We first invert the matrix
Here we introduced G νρ as the inverse of G µν in A f ,
For G µν = g µν , G µν will be g µν . For G µν θ-dependent G µν can be computed by a θ-expansion, starting from g µν as the θ-independent part. In analogy to (8.12) we obtain
When we expand the series θ we get 18) which holds up to first order in θ. Note that G µν⋆ is not a symmetric tensor. Using the proper coproduct and the fact that G µν transforms like a contravariant tensor of second rank we conclude that G µν⋆ is a tensor of second rank as well
If we demand that the covariant derivative of the metric vanishes, we can express the symmetric part of the connection entirely in terms of the metric and its derivatives. This is also true in the θ-deformed case.
We shall now assume that the connection is symmetric 20) and when expressed in terms of G µν we shall call it Christoffel symbol. We demand that the covariant derivative of G µν vanishes
9 Curvature, Ricci tensor and curvature scalar
To define the curvature tensor we follow the standard procedure. We compute the commutator of two covariant derivatives acting on a vector field. The covariant derivative of a vector field was defined in (7.13)
In (8.23) we have found a connection Γ α µν symmetric in µ and ν that can be expressed entirely in terms of the metric. From (7.16) follows the curvature tensor, because the torsion vanishes for symmetric Γ α µν .
[
Then the curvature tensor in terms of the Christoffel symbols is given by (7.17) :
The curvature tensor is antisymmetric in the indices µ and ν. That the curvature tensor R µνρ σ transform like a tensor if Γ σ µρ has the transformation property (7.14) can be checked explicitly. Finally, we express the Christoffel symbols in terms of the metric and we obtain the desired form of the curvature tensor in terms of the metric. Its tensor properties then follow from the tensor property of G µν .
From the curvature tensor we obtain the Ricci tensor
A summation over the third index would not vanish as in the undeformed case, but it would not reproduce the Ricci tensor in the limit θ → 0 either. The curvature scalar can be defined by contracting the two indices of the Ricci tensor with G µν⋆
By construction, R transforms as a scalar
It will however not be real, as can be seen from (2.3). For the Lagrangian to be constructed in the following, we will just add the complex conjugate.
To obtain a covariant action from a scalar that transforms like (9.6) we have to find a measure E that transforms as
Expansion in θ
To get a better insight into the developed formalism it is useful to study a θ-expansion. Already for the gauge theories we used such an expansion for the action and considered θ as coupling constant. Let us therefore list the θ-expansions of all relevant quantities. In zeroth order we obtain the classical expressions. We denote them with the index (0).
The basic quantity is the vierbein to all orders in θ.
For the metric we obtain
and up to second order
There is no contribution in the first order of θ. The reason is that θ enters through the ⋆-product only. By definition G µν is real but the first order in the ⋆-product of two real functions is purely imaginary. Therefore the first order has to vanish and the same will be true for all odd orders in θ.
For G µν⋆ we obtain
As constructed, G µν⋆ is neither symmetric nor real. There is no reason for the term of first order in θ to drop out. The same is true for the Christoffel symbol and the curvature tensor. For the Christoffel symbol we get the following expressions up to second order in θ: The zeroths order reads
the first order Γ (10.6) and the second order From the curvature tensor we obtain the Ricci tensor and the curvature scalar as outlined in the previous section. The curvature scalar is given by
where R (0) is the classical curvature scalar and The Einstein-Hilbert action was defined in (9.14). It is real by definition. Since θ enters only via the ⋆-product we expect that all terms corresponding to odd orders in θ vanish. Up to second order we therefore get 15) In this action the even order expansion terms in θ do not vanish. Equation (10.14) allows us to study the deviation from gravity theory on a differential manifold.
